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We determine all vertex primitive and vertex bi-primitive 3-arc
regular graphs. This result completes the classiﬁcation of vertex
primitive s-arc regular graphs with s 2 and the classiﬁcation of
vertex bi-primitive s-arc regular graphs with s  3. In particular,
it is shown that the Petersen graph and the Coxeter graph are
the only vertex primitive 3-arc regular graphs, and that vertex bi-
primitive 3-arc regular graphs consist of the complete bipartite
graph K3,3, the standard double covers of the Petersen graph
and the Coxeter graph, two cubic graphs admitting PGL(2,11)
and PGL(2,13), respectively, and a valency four graph admitting
PΓ L(2,27).
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
Denote by Γ an undirected connected graph with vertex set V and edge set E . For a vertex α ∈ V ,
denote by Γ (α) the neighborhood of α, that is the set of vertices adjacent to α in Γ . For a positive
integer s, an s-arc of Γ is an (s + 1)-tuple (α0,α1, . . . ,αs) of vertices such that αi ∈ Γ (αi−1) for
1  i  s and αi−1 = αi+1 for 1  i  s − 1. If Γ is regular of valency at least 3 and G  Aut(Γ ) is
transitive on the set of s-arcs of Γ , then Γ is called (G, s)-arc transitive. Further, if G is regular on
the set of s-arcs, then Γ is called (G, s)-arc regular. (Recall that a permutation group G is regular
on a set Ω if G is transitive and |G| = |Ω|.) A graph Γ is called s-arc regular if it is (Aut(Γ ), s)-arc
regular.
The purpose of this paper is to complete the classiﬁcation of vertex primitive s-arc regular graphs
with s 2 and vertex bi-primitive s-arc regular graphs with s 3. (Recall that a permutation group G
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partition, which has exactly two blocks.)
The class of s-arc regular graphs is closely connected to some important classes of combinatorial
objects, such as regular Mobius maps [14], near-polygonal graphs [13], and half-transitive graphs [15].
Let Γ be a connected (G, s)-arc regular graph with vertex set V such that G is primitive or bi-
primitive on V . If s  4, then (G,Γ ) can be read out from the classiﬁcation of vertex primitive or
vertex bi-primitive s-arc transitive graphs, given in [11]. If s = 2 and G is primitive on V then (G,Γ )
is classiﬁed in [9]. The vertex primitive cubic graphs (these are necessarily s-arc regular for some s)
were determined in [18].
In this paper, we classify (G,Γ ) for s = 3. The vertex primitive 3-arc regular graphs are described
in the following theorem.
Theorem 1.1. Let Γ be a connected (G,3)-arc regular graph such that G is primitive on the vertex set. Then
either
(i) Γ is the Petersen graph, and Aut(Γ ) = G ∼= PGL(2,5), or
(ii) Γ is the Coxeter graph, and Aut(Γ ) = G ∼= PGL(2,7).
This result shows that the Petersen graph and Coxeter graph are the only vertex primitive 3-arc
regular graphs. However, by [9,11], there are inﬁnitely many vertex primitive 2-arc regular graphs and
4-arc regular graphs.
The vertex bi-primitive 3-arc regular graphs are described in our second theorem.
Theorem 1.2. Let Γ be a connected (G,3)-arc regular graph such that G is bi-primitive on the vertex set. Then
one of the following holds:
(i) Γ = Kpd,pd , where p is a prime;
(ii) Γ is the standard double cover of the Petersen graph or the Coxeter graph, and G ∼= PGL(2,5) × Z2 or
PGL(2,7) × Z2 , respectively;
(iii) Γ is cubic, and G ∼= PGL(2,11) or PGL(2,13);
(iv) Γ is of valency 4, and G ∼= PΓ L(2,27).
In cases (ii)–(iv), Aut(Γ ) = G and Γ is 3-arc regular. In case (i), Γ is 3-arc regular if and only if pd = 3.
This theorem tells us that there are exactly six vertex bi-primitive 3-arc regular graphs.
The paper is organized as follows. After this introductory section, in Section 2 we will determine
the structure of the vertex stabilizer Gα for a (G, s)-arc regular graph. In Section 3, we give an explicit
list of almost simple groups that have a maximal subgroup with the structure of the vertex stabilizer
of a (G,3)-arc regular graph. Then we prove the above two theorems and their corollaries.
Let Γ = (V , E) be a connected (G,3)-arc regular graph of valency k with k  3. Assume further
that G is primitive or bi-primitive on V , and let
G+ = 〈Gα | α ∈ V 〉.
Then either G+ = G and G is primitive on V , or G+ has index 2 in G and has exactly two orbits
on V . In the latter case, Γ is bipartite, G is bi-primitive on V , and G+ is primitive on each of the
two orbits.
2. Vertex stabilizers of s-arc regular graphs
Let Γ be a graph with vertex set V , and let G  Aut(Γ ). For a vertex α ∈ V and its neighbor-
hood Γ (α), denote by GΓ (α)α the permutation group induced on Γ (α) by Gα , and denote by G
[1]
α the
kernel of Gα acting on Γ (α). Then G
Γ (α)
α
∼= Gα/G[1]α . If Γ is G-arc transitive, then for an arc (α,β)
of Γ , the triple (Gα,Gβ,Gα ∩ Gβ) is called the amalgam of G and Γ .
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Theorem 2.1. Let Γ be a connected (G, s)-arc regular graph of valency k, where s  1 and G  Aut(Γ ). Let
(α,β) be an arc of Γ . Then one of the following holds:
(i) s = 1, and Gα is faithful and regular on Γ (α);
(ii) s = 2, and Gα is faithful and sharply 2-transitive on Γ (α);
(iii) s = 3, k = pn with p prime, and a Sylow p-subgroup P of Gα is isomorphic to Znp , and Gα = P :Gαβ ;
further, either
(a) GΓ (α)α is sharply 2-transitive, Gαβ = G[1]α × G[1]β , and Gα = G[1]α × (P  G[1]β ); or
(b) GΓ (α)α  AΓ L(1, pn), |G[1]α | = (pn − 1) 1e , and |GΓ (α)αβ | = (pn − 1)e, where e is a nontrivial common
divisor of pn − 1 and n.
(iv) s 4, k = 3, and (s,Gα) = (4,S4) or (5,S4 × Z2).
Proof. It is easily shown that the number of s-arcs of Γ , starting at a ﬁxed vertex α, is equal to
k(k − 1)s−1. Since G is regular on the set of s-arcs of Γ , it follows that |Gα | = k(k − 1)s−1.
It follows easily that if s = 1 then Gα is regular on Γ (α), and if s = 2 then Gα is sharply 2-
transitive on Γ (α), as claimed in part (i) and part (ii).
Suppose next that s  4. By Weiss [17], the socle soc(GΓ (α)α ) = PSL(2,q) with k = q + 1. Thus,
|Gα | = k(k − 1)s−1 = (q + 1)qs−1, and so |PSL(2,q)| divides (q + 1)qs−1. It follows that q = 2, and
hence k = q + 1 = 3. By the well-known result of Tutte regarding cubic s-arc transitive graphs [16],
we conclude that either s = 4 and Gα ∼= S4, or s = 5 and Gα = S4 × S2, as in part (iv).
For the rest of the proof, we assume that s = 3. Then the order of the 2-transitive group |GΓ (α)α |
divides k(k−1)s−1 = k(k−1)2. Inspecting the order of the 2-transitive permutation groups of degree k
(see e.g. [2, Chapter 7]), we conclude that k = pn for some prime p and integer n, and either GΓ (α)α
is sharply 2-transitive of order k(k − 1), or GΓ (α)α  AΓ L(1, pn). In both cases, GΓ (α)α is an aﬃne type
primitive group. Moreover, since the intersection G[1]α ∩ G[1]β is trivial by [17], G[1]α acts faithfully on
Γ (β) \ {α} and so G[1]α is isomorphic to a subgroup of a point stabilizer in the aﬃne type primitive
group GΓ (β)β
∼= GΓ (α)α .
Let P be a Sylow p-subgroup of Gα . Then |P | = pn , and P ∼= Znp . We claim that P  Gα .
The group P acts by conjugation on the normal subgroup G[1]α of Gα . First we prove that this action
cannot be faithful. If G[1]α  Γ L(1, pn) then G[1]α is metacyclic, i.e., there exists a normal subgroup
N  G[1]α with N and G[1]α /N cyclic. Moreover, both of these cyclic groups have order relative prime
to p so, if some x ∈ P acts nontrivially on G[1]α , then x must act nontrivially on at least one of the
cyclic factors. However, |Aut(N)| < |N| and |Aut(G[1]α /N)| < |G[1]α /N| and |G[1]α | < pn , so some x ∈ P \{1}
must act trivially on G[1]α . If G[1]α is not a subgroup of Γ L(1, pn) then p ∈ {5,7,11,19,23,29,59},
n = 2, and the group G[1]α is in a short explicit list [2, Chapter 7]. None of the groups on this list has
an automorphism of order p.
Let C = CGα (G[1]α ). So far, we have shown that C ∩ P = 1. Hence (C ∩ P )Γ (α) = 1 and, as C  Gα
and PΓ (α) is the unique minimal normal subgroup of GΓ (α)α , (C ∩ P )Γ (α) = P and P  C . In particular,
P is normalized by G[1]α so, combined with PΓ (α)  GΓ (α)α , we obtain P  Gα and Gα = P :Gαβ . The
arc stabilizer Gαβ has order (k − 1)2.
To prove the assertions in parts (a) and (b) of (iii), assume ﬁrst that GΓ (α)α is sharply 2-transitive.
Then |GΓ (α)α | = k(k − 1), and hence |G[1]α | = |G[1]β | = k − 1. By Weiss [17], the intersection G[1]α ∩ G[1]β
is trivial. It follows that Gαβ = G[1]α × G[1]β , and GΓ (α)α ∼= Gα/G[1]α ∼= P  G[1]β . Therefore, Gα = P :Gαβ =
G[1]α × (P  G[1]β ).
Assume next that GΓ (α)α is not sharply 2-transitive, and G
Γ (α)
α  AΓ L(1, pn). Then GΓ (α)αβ 
Γ L(1, pn), and so GΓ (α)αβ has order dividing (p
n − 1)n. Moreover, GΓ (α)αβ acts transitively on Γ (α) \ {α},
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|G[1]α | = (pn − 1) 1e for some divisor e of (pn − 1,n). 
Our next goal is a further restriction on the vertex stabilizer Gα in the case when Γ is a (G,3)-
arc regular graph for some almost simple group G that acts primitively or bi-primitively on V . This
property plays an important role in the proof of our main theorems.
The proof of the following simple lemma is omitted.
Lemma 2.2. If p is an odd prime and n = 2t s with s odd, then 2t+1 divides pn − 1.
The following lemma is the promised improvement of Theorem 2.1.
Lemma 2.3. Let Γ = (V , E) be a connected (G,3)-arc regular graph of valency k 3. Assume that G is almost
simple and is primitive or bi-primitive on V . Then k = pn with p prime, and for an arc (α,β) and for a Sylow
p-subgroup P of Gα , either
(i) P ∼= Zn2 , Gα = P :Gαβ , and |Gαβ | = (2n − 1)2 , or
(ii) P ∼= Zp with p prime, and Gα = Zp−1 × (Zp :Zp−1).
Proof. If p = 2 then, by Theorem 2.1(iii), the statement in part (i) holds.
Assume now that p is odd. We claim that G[1]α has a unique involution.
In both subcases (a) and (b) of Theorem 2.1(iii), |G[1]α | = (pn − 1) 1e for some divisor e of n. By
Lemma 2.2, (pn −1) 1e is an even number, so G[1]α contains involutions. We have to show that G[1]α con-
tains only one involution.
Let γ ∈ Γ (β) \ {α}. Since G is 3-arc regular, |Gαβγ | = k− 1 and Gαβγ acts regularly on Γ (α) \ {β}.
Hence, for H = P Gαβγ , HΓ (α) is a sharply 2-transitive group, and so HΓ (α) is a Frobenius group and
GΓ (α)αβγ is a Frobenius complement. By [2, Theorem 3.4(a)], G
Γ (α)
αβγ has a unique involution. However, for
any δ ∈ Γ (α) \ {β}, GΓ (α)αβγ ∼= GΓ (β)δαβ  (G[1]α )Γ (β) ∼= G[1]α , so G[1]α cannot have more than one involution.
This proves our claim.
Let z denote the unique involution in G[1]α . Then 〈z〉 is a characteristic subgroup of G[1]α , and so
〈z〉Gα . This means that Gα  CG(z). Since Gα is a maximal subgroup of the almost simple group G+ ,
we conclude that CG+ (z) = Gα .
Let L = soc(G+), the socle of G+ . Then Lα  Gα . Since Gα is maximal in G+ , we have that Lα = 1.
Since GΓ (α)α is 2-transitive, it follows that L
Γ (α)
α is transitive. Thus, P ∩ L = 1 and, as P is a minimal
normal subgroup of Gα , we have P  L. Therefore, P  CL(z) = Gα ∩ L and, as P  Gα , we have
P  O2′ (CL(z)). (Recall that for a group K , O2′ (K ) denotes the largest normal subgroup of K of odd
order.) By [7, Theorem 7.7.1], either O2′ (CL(z)) is cyclic, or L ∼= PSL(3,4).
Suppose that L ∼= PSL(3,4). Then by the Atlas [1], L ∩ Gα = CL(z) = Z23  Q8. Thus k = 9 and
|Gα | = 9 · 82, and so Gα/L ∩ Gα is of order 8. However, Gα/L ∩ Gα ∼= LGα/L  Out(L) ∼= Z2 × S3,
see the Atlas [1], which is not possible.
Therefore, O2′ (CL(z)) is cyclic, and we obtain that n = 1, P = Zp , and by Theorem 2.1, G = G[1]α ×
(P :G[1]β ) ∼= Zp−1 × AGL(1, p). 
3. Proofs of Theorems 1.1 and 1.2
In this section, we prove Theorems 1.1 and 1.2.
Lemma 3.1. Let Γ = (V , E) be a connected (G,3)-arc regular graph such that G is primitive or bi-primitive
on V . Then either Γ = Kpd,pd for some prime power pd, or G+ = 〈Gα | α ∈ V 〉 is an almost simple group.
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Then the pointwise stabilizer K1 = (G+)(1) = 1 and K1  G+ . Since (G+)2 is primitive, we obtain
that K acts transitively on 2. This implies that Γ is a complete bipartite graph Kk,k for some k 3.
Moreover, for α ∈ 1, Gα has a subgroup acting sharply 2-transitively on 2. Hence k = |2| must
be a prime power.
Suppose now that G+ acts primitively and faithfully on a set  ⊆ V (where || = |V |/2 or  = V ).
Then G+α = Gα has no normal subgroup which is nonabelian simple. It follows that either soc(G+) is
regular on , or soc(G+) has no normal subgroup which is regular on . Suppose that soc(G+) is
regular. Then G+α is faithful on Γ (α), see [12, Lemma 2.4]. This is not possible by Theorem 2.1. Thus,
soc(G+) has no normal subgroup which is regular on V . In the language of the O’Nan–Scott theorem,
G+ is almost simple, or is of product action type.
Suppose that (G+) is of product action type, and let L = soc(G+) ∼= Tm for some nonabelian
simple group T . Then LΓ (α)α GΓ (α)α . Moreover, LΓ (α)α = 1 otherwise, by the connectivity of Γ , L would
ﬁx all vertices. Hence, by Theorem 2.1(iii), Lα contains the normal Sylow p-subgroup P of Gα . This
is a contradiction, because on the one hand, any two nontrivial elements of P are conjugate in Gα
(because P can be identiﬁed with Γ (α) and Gα acts 2-transitively on Γ (α)). On the other hand,
P  Lα is a subgroup of Tm , and elements with two nontrivial coordinates in this direct product are
not conjugate to elements with one nontrivial coordinate. 
From now on, we suppose that G+ is almost simple. Let L = soc(G+), the socle of G+ . By
Lemma 2.3, either Gα = Zn2:Gαβ with |Gαβ | = (2n − 1)2, or Gα = Zp−1 × (Zp :Zp−1) for some odd
prime p. We deal with these two cases separately.
3.1. The valency k is even
Assume ﬁrst that P ∼= Zn2, that is, k = 2n is even. Then Gα = NG+ (P ) is a maximal subgroup of G+ .
It follows that P is a Sylow 2-subgroup of the almost simple group G+ , because otherwise P would
be normalized by a strictly larger 2-group and by Gα , a contradiction. Thus, L = soc(G+) is a simple
group whose Sylow 2-subgroups are abelian. By Theorem 16.6 of [4], one of the following holds:
(i) L = PSL(2,q), where q = 3 or 5 (mod 8), and P = Z22;
(ii) L = PSL(2,2n), and P = Zn2;
(iii) L = J1, and P = Z32;
(iv) L = Ree(3e), where e is odd, e  3, and P = Z32.
Analyzing each of the candidates leads to the following lemma, which shows that only one group
has a maximal subgroup of the form given in Lemma 2.3.
Lemma 3.2. If k = 2n is even, then (G+,Gα) = (PΣL(2,33),Z3 × A4).
Proof. By the Atlas [1], the Janko group J1 = Aut(J1) and it has no maximal subgroup of or-
der 2n(2n − 1)2 for any n. Thus, by Lemma 2.3, L = J1.
Suppose that L = Ree(3e), with odd e  3. Then P ∼= Z32. However, in this case, G+ has no maximal
subgroup that is isomorphic to Z7 × (Z32  Z7), see [10]. This is a contradiction with Lemma 2.3.
Suppose that L = PSL(2,2n). Then the Sylow 2-subgroup P ∼= Zn2, and hence by Lemma 2.3, the
vertex stabilizer Gα should have order 2n(2n −1)2. The full automorphism group Aut(L) ∼= PSL(2,2n) .n
has order 2n(2n + 1)(2n − 1)n. Thus, 2n(2n − 1)2 divides 2n(2n + 1)(2n − 1)n, which is not possible for
any n 2.
Finally, consider L = PSL(2,q), where q = 3 or 5 (mod 8). Then P ∼= Z22 and, by Lemma 2.3, we
have Gα = Z3 × (Z22  Z3). Let q = r f for some prime r and integer f  1. Then r = 3 or 5 (mod 8),
f is odd, and L has a subgroup K ∼= PSL(2, r). Since all Sylow subgroups of L are conjugate, we may
assume that P  K . Now NK (P ) ∼= A4 and CL(NK (P )) = 1. However, CGα (NK (P )) ∼= Z3, implying that
CGα (NK (P )) is generated by a ﬁeld automorphism σ of L and f is divisible by 3. Since Gα is a
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of Gα implies PSL(2, r) ∼= A4. Hence r = 3, q = 27, and G+ = L . 3 ∼= PΣL(2,27). 
Lemma 3.3. In the case (G+,Gα) = (PΣL(2,33),Z3 × A4), there is no primitive (G,3)-arc regular graph,
and there is a unique bi-primitive (G,3)-arc regular graph Γ satisfying the following properties:
(i) Γ is of valency 4, and has order 1638;
(ii) Aut(Γ ) = Aut(PSL(2,33)) = PSL(2,33) . 6;
(iii) Γ is (H,2)-arc regular, where H = PSL(2,33) . 2 G.
Proof. First, we claim that G cannot be primitive. If it is, then Γ can be written as a coset graph
Cos(G,Gα,Gα gGα), where G = PΣL(2,33), Gα = Z3 × A4 (so Gαβ = Z23) and g ∈ NG(Gαβ) \ Gα satis-
ﬁes g2 ∈ Gα . However, NG(Gαβ) ∼= Z23  Z3 has no such element g , a contradiction.
So the graph has to be bi-primitive and G+ = PΣL(2,33). Now if G = G+ × Z2, then Γ is a
standard double cover of a (G+,3)-arc regular graph, which is not possible by the ﬁrst paragraph of
this proof. Thus G = PΓ L(2,33).
Next, we construct Γ . Let M  G+ , M ∼= Z3 × A4, and let S be a Sylow 3-subgroup of M . A little
computation in GAP [3] shows that NG(S) has structure Z23 . Z3 . Z2, |NG(S) ∩ G+| = 27, and for an
involution g ∈ NG(S) \ G+ , Mg ∩ M = S . Hence the coset graph Γ = Cos(G,M,MgM) is (G,3)-arc
regular on 2 ·819 vertices. We claim that Aut(Γ ) = G . If A := Aut(Γ ) > G then Γ is (A, t)-arc transitive
but not (A, t+1)-arc transitive for some t  3. Moreover, by [17], either t = 3, and Gα < Aα  S4 ×S3,
or t = 4 or 7, and Aα = Z23:GL(2,3) or [35]:GL(2,3), respectively. For t = 3, the index |A : G| divides 4,
and it follows that A = G × C , where |C | = 2 or 4. This is not possible since A is also bi-primitive
on V . Thus, t = 4 or 7. However, since GL(2,3) ∼= Q8:S3 has no subgroup isomorphic to A4, it follows
that Aα does not contain Gα , again a contradiction. Hence A = G , and Γ is 3-arc regular.
Since any (G,3)-arc regular Γ with Gα ∼= Z3 × A4 can be written as a coset graph above, Γ is
unique up to isomorphism. The uniqueness follows because there is only one conjugacy class of
subgroups Z3 × A4 in G+ and only one conjugacy class of involutions in NG(S) \ G+ . Moreover,
if g ∈ NG(S) \ G+ and g2 ∈ M , g2 = 1 then g2 ∈ C(M) so MgM = Mg3M and Cos(G,M,MgM) =
Cos(G,M,Mg3M) for the involution g3.
Finally, let H = PSL(2,33) .2 be the normal subgroup of G of index 3. Then Hα = H ∩Gα = A4, and
it follows that H acts 2-arc regularly on Γ . 
3.2. The valency k is odd
By Lemma 2.3, in the case where the valency k = p is odd, the vertex stabilizer Gα ∼= Zp−1 ×
(Zp  Zp−1).
Recall that the p-rank for a ﬁnite group is the maximum dimension of an elementary abelian
p-subgroup, regarded as a vector space over GF(p). The semidihedral group of order 2n is the group
〈r, s | r2n−1 = s2 = 1, srs = r2n−2−1〉.
Lemma 3.4. Let T be a Sylow 2-subgroup of Gαβ , and let S be a Sylow 2-subgroup of G containing T . Then
T ∼= Z2m ×Z2m for somem 1; and either m = 1 and S is dihedral or semidihedral, or m > 1 and |S : T | 2.
In any case, G+ has 2-rank 2.
Proof. Now we are in the case where Gα = G[1]α × (P :G[1]β ) ∼= Zp−1 × (Zp  Zp−1), where P ∼= Zp , and
G[1]α ∼= G[1]β ∼= Zp−1. Let z be the unique involution of G[1]α . Then Gα = CG(z). Let 2m be the 2-part
of |G[1]α |, that is, 2m | |G[1]α | and 2m+1  |G[1]α |. Then T ∼= Z2m × Z2m .
If m = 1, then by [6, Lemmas 10.24, 10.25], S is dihedral or semidihedral, as claimed, and G+ has
2-rank 2. Hence we may assume that m > 1 and T < S . Then T < T1 = NS (T ). As T = CT1 (z) and
T contains only three involutions, |T1 : T | = 2. If x is an involution in T1 \ T , then x does not central-
ize z, and so CT (x) is cyclic. Hence, T1 has 2-rank 2. Thus, if S = T1, then we are done.
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and T g = T . Since |T1 : T | = 2, it follows that |T : T ∩ T g | = 2. Then, since m 2, it follows that z ∈ T g .
But then T g  CS (z) = T , a contradiction. 
The ﬁnite simple groups with 2-rank 2 are completely determined.
Theorem 3.5. (See [5, Theorem 1.86].) Let L be a ﬁnite simple group of 2-rank 2. Then L is isomorphic to
PSU(3,4), A7 , M11 , PSL(2,q), PSL(3,q), or PSU(3,q), where q is odd.
To complete the proof of our main theorems, we need to analyze the almost simple groups whose
socle is one of the simple groups listed in Theorem 3.5.
Lemma 3.6. Assume that Gα ∼= Zp−1 × (Zp :Zp−1) with p prime. Then soc(G+) ∼= PSL(2,q), where q =
5,7,11 or 13, and Gα ∼= D12 . Moreover, either
(i) G+ ∼= PGL(2,5) or PGL(2,7), and Γ is the Petersen graph or the Coxeter graph, respectively, or the stan-
dard double cover of these graphs, or
(ii) G+ ∼= PSL(2,11) or PSL(2,13), and Γ is bi-primitive.
Proof. Let L be the socle of G+ , let z be the unique involution of G[1]α , and let T be a Sylow 2-
subgroup of Gαβ . Suppose ﬁrst that z ∈ L. Using the Atlas [1] for A7, M11, and PSU(3,4), and [7,
Table 4.5.1] for PSL(2,q), PSL(3,q), and PSU(3,q), we see that, since T ∈ Syl2(CG+ (z)) and T is abelian,
L is isomorphic to PSL(2,q) and |T | = 4. Next suppose that z /∈ L. Using the above references as well
as [7, Proposition 4.9.1], we conclude that L〈z〉 has 2-rank 3, unless L ∼= PSL(2,q) and L〈z〉 ∼= PGL(2,q).
Again, in this case, |T | = 4. Thus, as G+ has 2-rank 2, we see that in all cases, |T | = 4 and L〈z〉 ∼=
PSL(2,q) or PGL(2,q) for some odd prime power q. Now Z(CG+ (z)) is cyclic of order p − 1. On the
other hand, by [8, 10.1.3], F(CG+ (z)) is inverted by an involution t ∈ CG+ (z), whence Z(CG+ (z)) = 〈z〉.
Hence p = 3, and Gα ∼= D12. It follows easily that G+ ∼= PSL(2,q) or PGL(2,q) with either q− ε = 6 or
q − ε = 12, for some ε ∈ {1,−1}. Hence q = 5,7,11, or 13, as claimed. Moreover, if q = 5 or 7, then
G+ = PGL(2,q).
It is well known that, for G+ = PGL(2,5) or PGL(2,7), either the graph Γ is the Petersen graph or
the Coxeter graph, respectively; or it is the standard double cover of them.
If q = 11 or 13 then Gα ∼= D12  L, so the maximality of Gα in G+ implies G+ = PSL(2,q). First, we
claim that G cannot be primitive. If it is, then Γ can be written as a coset graph Cos(G,Gα,Gα gGα),
where G = PSL(2,q), Gα = D12 (so Gαβ = Z22) and g ∈ NG(Gαβ) \ Gα satisﬁes g2 ∈ Gα . However,
NG(Gαβ) ∼= A4 has no such element g , a contradiction.
So the graph has to be bi-primitive. Now if G = G+ × Z2, then Γ is a standard double cover
of a (G+,3)-arc regular graph, which is not possible by the previous paragraph of this proof. Thus
G = PGL(2,q), where q = 11 or 13.
Next, we construct Γ . Let M  G+ , M ∼= D12, and let S be a Sylow 2-subgroup of M . Then
NG(S) ∼= S4, NG(S) ∩ G+ ∼= A4, and for an involution g ∈ NG(S) \ G+ , Mg ∩ M = S . Hence the coset
graph Γ = Cos(G,M,MgM) is (G,3)-arc regular on n = 2 · 55 or 2 · 91 vertices (in the cases q = 11
and 13, respectively). We claim that Aut(Γ ) = G . Let A = Aut(Γ ); then D12 = Gα  Aα . Suppose
that A = G . Since D12 is not isomorphic to any subgroup of S4, by Tutte’s theorem [16] we have
Aα = S4 × Z2. Thus, G has index 4 in A. Noting that Aut(PGL(2,q)) = PGL(2,q), it follows that
C := CA(G) has order 4, and A = G × C , which is not possible since A > G is bi-primitive on V .
Finally, since any (G,3)-arc regular Γ with Gα ∼= D12 can be written as a coset graph above,
Γ is unique up to isomorphism. The uniqueness follows because there is only one G-conjugacy
class of subgroups D12 in G+ and only one conjugacy class of involutions in NG(S) \ G+ . More-
over, if h ∈ NG(S) \ G+ and h2 ∈ M , h2 = 1 then MhM = MgM for some involution g ∈ NG(S) \ G+ so
Cos(G,M,MgM) = Cos(G,M,MhM). 
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